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Abstract
This work constitutes a study on group invariant solutions of the Maxwell Dirac
equations for a relativistic electron spinor in its own self-consistent electromag-
netic eld. First, the Maxwell Dirac equations are written in a gauge indepen-
dent tensor form, in terms of bilinear Dirac currents and a gauge independent
total four-potential. A requirement of this form is that the length of the current
vector be non-zero. In this form they are amenable to the study of solutions in-
variant under subgroups of the Poincaré group without reference to the Abelian
gauge group. In particular, all subgroups of the Poincaré group that generate 4
dimensional orbits by transitive action on Minkowski space, and the correspond-
ing invariant vector elds are identied, which will constitute invariant solutions
merely if various constants satisfy a set of algebraic equations. For each such
subgroup, the possibility of solutions to both the full Maxwell Dirac equations
and to a classical approximation to the self-eld equations is determined. Of
the 19 classes of simply transitive subgroups, only one class yielded a solution.
That solution of the Maxwell Dirac equations depends upon a parameter  and
there exists a gauge in which the solution may be written
 =
r

2

e+
1
2
y + 3e 
1
2
y


where  is a constant spinor satisfying the relations 0 = 1, (1  i2) = 0,
(1   03) = 0, and where  generate the Dirac algebra via f; g = 2 .
The length of the four-current, which must be positive, is given by
 =
2
0q
2
(mc2   1
2
c~)
where m is the mass of the electron and q is its charge. The self-consistent
electromagnetic four-potential in this gauge is given by
A =  (0q=2)(coshy; 0; 0;  sinhy).
The scalar density   is constant over all space and equals  while the pseudoscalar
density  i5 is zero. The relativistic electron four-current exhibits unbounded
laminar stream ow pointing in the z-direction, J = ( coshy; 0; 0;  sinhy).
The electric eld E = (0; (c0q=) sinhy; 0) is y-pointing and the magnetic
eld, B = ((0q=) coshy; 0; 0), is x-pointing. The axial current, K =
(0; ; 0; 0), is constant and parallel to the magnetic eld for  > 0, anti-parallel
for  < 0. This advances the known closed-form solutions of the Maxwell Dirac
equations beyond null-current or massless solutions.
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Chapter 1
Introduction
1.1 Dirac theory
The Dirac equation is the relativistically correct wave equation for spin half
particles, such as electrons. It gives more accurate predictions of atomic spectra
than those calculated from the Schrödinger equation. This is especially so
for atoms with large atomic number where the electrons speed is signicant
compared with the speed of light, c. It has been pointed out that some of
the special chemical and physical properties of elements such as Silver (Ag),
Gold (Au) and Platinum (Pt), can be attributed to the relativistic behaviour
of the electron [9], in accordance with the Dirac equation. The Dirac equation
also correctly predicts that the electron should possess 2 spin states and an
antiparticle state. Under minimal coupling with the electromagnetic eld, the
Dirac equation predicts that the electron will behave as if it has magnetic moment
of g(e=2m)S, where e, m and S are the charge, mass and spin of the electron
respectively, and g = 2 is the classical electron g-value. From the time of its
discovery in 1928 until 1951, the Dirac equation was supported by a vast body
of experimental evidence. It seemed that the Dirac equation was the perfect
marriage of the modern theories of quantum mechanics and special relativity.
But even though the Dirac equation predicts anti-electrons (positrons), it
does not by itself provide a consistent framework for particle creation and an-
nihilation. The negative energy states pose di¢ culties in the theory and it
is usually considered to be only a single-particle theory [36]. Eventually, in-
spired by W E Lambs discovery in 1951 that the g-value of the electron was in
fact 2.002321, the theory of Quantum Electrodynamics (QED) was developed by
Feynman, Schwinger and Tomonaga. QED gives excellent predictions regarding
real and virtual particle and antiparticle creation and annihilation, and is one
of the most successful theories ever. Nowadays, QED is regarded as the full
quantum eld theory of electrons, positrons, and photons, and the study of the
Dirac equation itself, coupled with Maxwells equations, is done in the context
of classicalor semiclassicaleld theory.
1For a recent measurement more accurate than 1 part in 1012 see [24],[49] and the accessible
account in [23].
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1.2 Maxwell Dirac equations
Physically we know that not only is the electrons motion subject to the electro-
magnetic eld; the electron is also a source of the electromagnetic eld. This
self-eld is a source of mathematical di¢ culty in both semiclassical theory and
QED. Without self-eld, the electromagnetic potential in which the electron
moves can be prescribed as an external eld, and the Dirac equation is linear for
the spinor  . An arbitrary solution can be formed from a sum of eigenstates,
and a probability normalisation condition of the form
R
 y d3x = 1 can be im-
posed at will. This ensures that the particle so described has unit charge and
probability density. But if the electron current is included as a source term in
Maxwells equations, the coupled equations are nonlinear. Problems that in-
clude self-eld have been traditionally solved by perturbation. For instance, in
atomic problems, the electromagnetic potential is dominated by the contribution
from the nucleus, to which electron self-eld is treated as a perturbation. In such
cases, perturbation corrections arise in powers of =, where the ne structure
constant  = e2=4"0c~  1=137.
There have been a number of investigations looking at how the semiclassi-
cal electron reacts to its self-eld in the absence of any external potential, for
example [63],[28],[12],[13],[17],[16],[19],[43],[54],[11],[56],[55],[25],[45]. If we were
not forearmed with the knowledge that the electron is in fact a particle, we
might expect that the electron cloud would blow itself apart with self-repulsion.
However, relativistic and wave mechanical e¤ects might instead lead to some
kind of nonlinear self-gathering of the electron into a localised wave or soliton.
One motivation of these investigations is to obtain an insight into wave-particle
duality. Another motivation has been to reassess the foundations on which QED
is constructed, looking at whether an alternative formulation might be possible
without perturbation theory. The system of the semiclassical electron reacting
only to its own eld is described by the Maxwell Dirac (M-D)2 equations of spinor
electrodynamics. Firstly, the Dirac equation in covariant form for an electron
moving in the presence of an electromagnetic potential, A:
qA
 +mc2 = i~c@ (1.1)
where q =  e is the charge of the electron, m is its mass,  is a Dirac spinor,
 =
0BB@
 1
 2
 3
 4
1CCA 2 C4;
and  are 4x4 complex matrices satisfying the commutation relations of a com-
plex Cli¤ord algebra with Minkowski signature:
 2M4(C); f; g = 2 ;  = 0::3 (1.2)
A useful representation for the  is the 5-diagonal or chiral representation
2sometimes referred to as the D-M equations
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[36]:
0 =
 
0  I
  I 0
!
, k =
 
0 k
 k 0
!
, 5 =
 
I 0
0  I
!
where  are the Pauli matrices,
0 = I =

1 0
0 1

, 1 =

0 1
1 0

, 2 =

0  i
i 0

, 3 =

1 0
0  1

.
Secondly, the Maxwell equations in covariant form for an electromagnetic
eld where the electron four-current is the source:
@F
 = 0J  = 0q  . (1.3)
The electromagnetic eld tensor is the curl of the four-potential :
F  = @A   @A. (1.4)
The homogeneous Maxwells equations
@F  + @F  + @F  = 0 (1.5)
are immediately satised as a consequence of (1.4).
A signicant amount of mathematical analysis has been devoted to the M-D
equations (1.1),(1.3) and (1.4). It is a very complicated system consisting of 18
rst-order real partial di¤erential equations in the same number of real depen-
dent variables with the 4 space time coordinates as the independent variables.
A signicant milestone was the solution of the Cauchy problem; the proof, pub-
lished in 1997[19], of the existence of solutions with nite probability density,
localised in an asymptotic sense. Yet the search for explicit realistic self-eld
congurations goes on.
Many have been seeking localised solutions, solitary waves, or solitons, sta-
tionary in time. The various studies have indeed shown that the equations
support localised solutions. These investigators have considered it su¢ cient to
require that the integrated probability density is nite and not necessarily equal
to 1. It may be hoped that by varying some bare charge or mass parameters,
a soliton might be obtained whose gross behviour exhibits the mass and charge
that are normally encountered. Wakano[63] examined attraction by a repulsive
potential, using a dominant spherically symmetric electrostatic potential with
approximations. Lisi[43] repeated this work, showing that although magnetic
e¤ects were not spherically symmetric they were small in comparison with the
electrostatic. Lisi also found a way to require unit normalisation of the electron
probability. Radford[54] published a self-consistent eld solution, spherically
symmetric with respect to gauge independent quantities. Radford showed that
the only truly spherically symmetric solutions required the electron wave func-
tion to be boundby a monopole, which, in accordance with Diracs prediction,
had strength 1=e. The solution was obtained numerically, and the electron num-
ber density, integrated over all space, was many times unit probability. Radford
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and Booth[11] also published a cylindrically symmetric self-consistent electrosta-
tic eld solution. This solution was also obtained numerically, and exhibited
some of the characteristics of attraction by a repulsive potentialas in Wakano
and Lisis work. Das and Kay[17] found a family of exact plane wave solutions
for m = 0. Note that these last three mentioned congurations are invari-
ant under actions of certain subgroups of the Poincaré group, and are in fact
Group Invariant Solutions. Fushchich and Zhdanov [22][20] have performed a
comprehensive study of the theory of group invariant spinor elds as solutions
to nonlinear wave equations, and in the case of the M-D equations, published
a family of exact light speed plane wave solutions of the M-D equations where
m 6= 0 but where the length of the current vector was 0. Nevertheless, the
range of possible group invariant elds that might potentially satisfy the M-D
equations is very large, and these e¤orts have barely scratched the surface.
This thesis investigates the systematic application of the theory of group
invariant solutions to the semiclassical Maxwell Dirac equations. This aspect,
rather than the mathematical analysis, or localisation, or the asymptotic polarity,
is the interest of the current work. The equations are retained as wave and eld
equations, without recourse to Lagrangian formulations. The thesis is restricted
to the semiclassical theory and makes no use of QED. As in the above-mentioned
prior M-D studies, all wave functions are assumed to be commuting rather than
anticommuting. Consequently, the results have limited applicability.
1.3 Group invariant solutions
In order to understand what group invariant solutions are and why they might
be of interest, it is necessary to explain the transformation group of a set of
di¤erential equations, the very notion through which Lie groups were discovered
by Lie himself. A set of invertible innitesimal transformations of solutions of
a given set of di¤erential equations that produce other solutions of the same
equations is called a transformation group of the set of di¤erential equations. In
the case of ordinary di¤erential equations (ODEs), the important result is that
if the maximal transformation group of a set of ODEs is solvable, then it fol-
lows that the equations can be solved by successive quadratures (integrations).
But while Lie group theory cannot o¤er a similar panacea for partial di¤eren-
tial equations (PDEs), it does o¤er a method for nding some solutions, often
exact explicit solutions, where possibly none was known. These are the group
invariant solutions, and they are found by studying the system when it has been
reduced by the action of subgroups of the maximal transformation group of the
equations[42][51][50].
If the original equation has p independent variables, and if the action of
S is projectable and generates an s dimensional orbit in X, then the equation
for the solution which is group invariant under S is a di¤erential equation in
p   s independent variables. If s = p   1 then the group invariant solution,
if it exists, can be found as the solution of an ODE. If s = p, then the group
invariant solution, if it exists, is found by solving an algebraic equation for a
set of constants. For PDEs, these are often the only explicit solutions that are
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known.
The aim of the present work is to identify group invariant solutions of the M-
D equations in a systematic way. Ibragimov gives the Maxwell Dirac equations
in his second volume[35], quoting their maximal invariance group (for m 6= 0)
as a direct product of the Poincaré group and the Abelian gauge group, a result
that should surprise no mathematical physicist.
It should be clear by now that having obtained a group invariant solution, or
in fact any solution, then the existence of the maximal group of transformations
of the set of equations allows us to extend that solution to a general form using
transformations expressed in terms of the parameters of the entire group. In
the case where the symmetry group is the Poincaré group, this is nothing more
than the accepted physical principle that we can translate, rotate or boost any
solution of the Maxwell Dirac equations.
A complete list of conjugacy equivalence classes of s parameter subgroups
of the group of the equation is called an optimal system of s parameter sub-
groups. A complete list of s parameter group invariant solutions is called an
optimal system of solutions. The conjugacy equivalence classes of the Poincaré
group have been calculated by Patera Winternitz and Zassenhaus[52], (hence-
forth referred to as PWZ), with full knowledge of their potential application for
group invariant solutions.
Before closing this section, we note that there are other productive applica-
tions of Lie group theory to PDEs. The identication of conserved quantities
in the M-D system is one example[26]. The separation of variables for the
Dirac equation in the context of Lie group theory is another[38]. Furthermore,
there are extensions of the method of group invariant solutions to more gen-
eral symmetries[1] and partial invariance[51]. None of these extensions will be
considered in the current work.
1.4 A gauge independent formulation of the
Maxwell Dirac equations
The investigation commences in chapter 2 with the synthesis of a gauge inde-
pendent formulation of the M-D equations. In the context of the theory of
group invariant solutions, this means that the complete set of equations will
have invariance simply under the Poincaré group, P, rather than P extended
by the Abelian gauge group. This will make it easier to study group invariant
solutions, and will provide simpler access to a potentially larger set of solutions
than would otherwise be possible under this method. We use the specic
approach of Mickelsson[47], based on treating the Dirac spinor as being homo-
morphic to an element of CSO(1; 3), in which the bilinear Dirac currents are
related to the components of a normalised tetrad. This is possible providing
that the length of the current vector is non-zero. A signicant feature of the
Dirac equation rewritten in this form is that it is possible to invert the equation
to express the four-potential as a function of the bilinear current densities and
their derivatives. The coupled equations are still gauge dependent in this form
and would normally require some form of gauge xing. However, as pointed
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out by Mickelsson, Rudolph and Kijowksi[39], it is noted that the four-potential
can be grouped with the only other gauge dependent term, to dene a gauge
independent total potential, B. The four-curl can be taken of B to calculate
the normal electomagentic eld tensor by adding two gauge independent terms
additional to the regular curl. The entire gauge independent formulation of the
spinor electrodynamics closely follows the work of Takabayasi[58].
It is shown that the set of 18 rst-order equations is now in terms of 20 gauge
independent tensor quantities, which satisfy 3 additional algebraic relations. The
imbalance in the number of equations and unknowns is resolved by pointing out
one redundant equation in the set of 18. 10 of the quantities are the components
of the electromagnetic eld tensor and gauge independent total potential. The
remaining 10 quantities are Dirac bilinear currents: The normalised four-current,
u, the normalised axial current k, the scalar density  and the pseudo scalar
density !. We term this set of equations the gauge independent Maxwell Dirac
equations. Thus we have chosen to use these algebraically equivalent equations
to the Maxwell Dirac equations, in terms of variables which are una¤ected by
U(1) gauge transformations, and therefore invariant under the action of that
group, and have completed a signicant step towards nding group invariant
solutions.
Chapter 2 continues with a study of the complete set of coupled gauge in-
dependent tensor Maxwell Dirac equations, including a count of variables, inde-
pendent algebraic and di¤erential equations, and constraints on solutions. We
review the discrete symmetries of the system, including the well known short-
comings of charge conjugation as applied to commuting wave functions. We
argue that the M-D equations are only valid for states that are predominantly
electrons and consider it prudent to rule out positron-like solutions on physical
grounds except with an arbitrary change in the sign of q through the entire set
of equations.
In chapter 3, we show that as ~  ! 0 , the gauge independent Dirac system
simplies to an equation expressing an exact energy-momentum balance between
the (gauge independent) potential and the mass  velocity, and show that any
solution to this equation is a solution for the equations of a relativistic charged
uid or dust with no internal pressures. This is compatible with the Maxwell
Vlasov equations for a dilute plasma of single charge carrying species and sharp
uid velocity prole. This equation is coupled with the Maxwell equation to
form a self-eld classical approximation system,
2u   @@u =

mc2
0q
2

u.
We will show that when @u

@t
= 0, and  =constant, solutions of these equations
satisfy Helmholtzs equation componentwise. However, the coupled system is
still nonlinear by virtue of the normalisation constraint on the relativistic uid
velocity, uu = 1. We write down a solution of this self-eld classical approxi-
mation by inspection. This solution demonstrates how the self-repulsion can be
balanced at a classical level in an unbounded sliding laminar current ow cong-
uration where an associated perpendicular magnetic eld provides a force that
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exactly balances the electrostatic repulsion. This simplied classical problem will
guide and inspire our search for solutions to the full M-D system.
1.5 Group invariant solutions of the gauge in-
dependent equations
After a quick review of the theory and denitions of group invariant solutions
in chapter 4, we then turn to the symmetry groups of the classical self-eld and
gauge independent Maxwell Dirac systems in chapter 5. Because the devel-
opment to this point has eliminated gauge dependent quantities, the symmetry
group of the gauge independent Maxwell Dirac equations is simply the Poincaré
group (the Lorentz group extended by translations), with no extension to arbi-
trary gauge transformation functions required. Using the method of group
invariant solutions to PDEs, our initial aim is to use those subgroups of the
Poincaré group that generate 3 dimensional orbits when acting on R4, since
these will reduce the number of independent variables from 4 to 1, leaving a set
of ODEs for solution. However, we discover that even with this simplication,
the number of equations and variables is far too large to deal with.
Instead, we turn to subgroups of the Poincaré group with transitive action 
those that generate 4 dimensional orbits when acting on R4-since these will re-
duce the number of independent variables from 4 to 0, leaving a set of algebraic
equations for solution. In fact, we notice that the solution already given for
the classical self-eld equations is invariant under the action of the transitive
Poincaré subgroup with Lie generators fPt;Px;Pz;Py + Kzg. This subgroup
generates 4 dimensional orbits when acting on R4. There are 45 families of
conjugacy classes of transitive subgroups, 15 of whose action on vectors is uni-
form through all space giving elds with no variation and only one trivial zero
solution. Of the remaining 30 cases, it is su¢ cient to test solutions for 19 that
are subgroups of the other 11. Vectors invariant under 4 dimensional orbits are
known functions of (t; x; y; z) based upon the 4 components of a xed constant
reference four-vector. For the M-D equations, by employing the aforementioned
inversion to eliminate the vector potential, we can write the entire set in terms of
just 2 scalars and 2 reference four-vectors, a total of 10 constants. When these
forms are substituted back into M-D equations, a solution will exist if and only
if the 10 constants satisfy 10 algebraic relations.
This is a very unusual application of the theory of group invariant solutions,
and can only ever yield solutions where scalar quantities are constant. Never-
theless, it has turned out to be very useful here, where the system is so very
complex and the number of subgroups of the transformation group is so large.
In chapter 6, M-D solutions are checked under each of the 19 mentioned
classes of subgroups. In some cases, it was necessary to check only 2 equations
in order to demonstrate that they could only be satised by a null four-current,
outside the realm of validity of the gauge independent equations. Other cases
could only be checked after extensive computations in Mathematica. Only one
case, fPt;Px;Pz;Py+Kzg, yielded non-null-current solutions to the full M-
D System. Having obtained the solution initially in tensor variables, we use
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Crawfords result[14] for the reconstruction of a spinor from bilinear densities.
As a check, we show that the original Dirac equation is satised by this spinor.
Although this solution is not localised and is unbounded as jyj  ! 1, it is to the
authors knowledge the rst ever published explicit closed form solution (in terms
of standard functions) of the Maxwell Dirac equations for non-null-current. It is
also shown to be consistent with tunnelling through a laminar barrier separating
an electron eld into two parts, in which the eld on one side of the barrier has
non zero velocity relative to the other.
Chapter 7 consists of conclusions, observations, prospects and recommenda-
tions for further work. Appendix A gives the entire list of conjugacy classes of
subalgebras of the Poincaré group, P, as classied by Patera, Winternitz and
Zassenhaus [52], hereafter referred to as PWZ . Appendix B gives the results
of the calculations of the invariant elds and algebraic relations arising from the
reduced equations.
